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Abstract. The equatorial motion of extended bodies in a Kerr spacetime
is investigated in the framework of the Mathisson-Papapetrou-Dixon model,
including the full set of effective components of the quadrupole tensor. The
numerical integration of the associated equations shows the specific role of
the mass and current quadrupole moment components. While most of the
literature on this topic is limited to spin-induced (purely electric) quadrupole
tensor, the present analysis highlights the effect of a completely general
quadrupole tensor on the dynamics. The contribution of the magnetic-type
components is indeed related to a number of interesting features, e.g., enhanced
inward/outward spiraling behavior of the orbit and spin-flip-like effects, which
may have observational counterparts. Finally, the validity limit of the Mathisson-
Papapetrou-Dixon model is also discussed through explicit examples.
PACS number: 04.20.Cv
1. Introduction
Quadrupolar effects on the motion of extended bodies can be very important in many
realistic astrophysical situations, e.g., when an extended body is moving around a
central source, like ordinary or neutron stars and binary pulsar systems orbiting the
Galactic Center black hole (Sgr A∗) [1, 2]. For instance, there is a special interest
in studying the orbits of the compact objects close to Sgr A∗ [3] because of the
increasing accuracy in sub-milli-arcsecond astrometry by the near-infrared detectors [4]
and the improved potentiality of the next-generation radiotelescopes, e.g., the Square
Kilometer Array (SKA) [5].
A general relativistic model describing the motion of extended bodies endowed
with multipolar structure is due to Dixon [6, 7, 8, 9, 10], who generalized to higher
multipole moments the pioneering works of Mathisson [11], Papapetrou [12, 13],
Pirani [14] and Tulczyjew [15] for spinning particles. The model equations have
been treated by different approximation schemes both analytically and numerically
in astrophysically relevant background spacetimes. Examples of numerical studies of
the full nonlinear equations in the case of purely spinning bodies can be found, e.g.,
in Refs. [16, 17, 18, 19, 20].
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In this paper we study the dynamics of an extended body endowed with both spin
and quadrupole moment in a Kerr spacetime according to the Mathisson-Papapetrou-
Dixon (MPD) model. The body is assumed to be “quasi-rigid,” i.e., with constant
components of the quadrupole tensor with respect to the frame adapted to the body’s
generalized 4-momentum, according to the definition of Ehlers and Rudolph [21]. As
it is well known, the quadrupole tensor has in general 20 independent components
and shares the same algebraic symmetries of the Riemann tensor. However, it enters
the MPD equations only through certain contractions with the Riemann tensor and
its covariant derivative, so that of its original 20 independent components only those
obeying also the symmetries of the MPD equations will survive. We have shown
in Ref. [22] that the number of relevant components is actually reduced to 10 in
vacuum, as expected from the standard post-Newtonian formulation of motion of
many-body systems, leading to the definition of an “effective” quadrupole tensor.
Furthermore, we assume the motion to be confined on the equatorial plane and
the spin vector of the body to be aligned with the axis of rotation of the central
object. The number of nonvanishing effective components of the quadrupole tensor
then reduces from 10 to 5: 3 belong to the mass quadrupole moment, and 2 to the
current quadrupole moment. We have explored in Ref. [22] both analytically and
numerically the case in which the quadrupole tensor is completely specified by two
independent components only, both of them belonging to the mass quadrupole part. In
this paper we complete our previous analysis by considering all 5 nonzero components
and studying their effect on the dynamics of the body through numerical simulations.
We are also motivated in widening the discussion to the case of a general quadrupole
tensor by related works concerning the inclusion in the post-Newtonian dynamics of
a two-body system of the quadrupole corrections induced by the spin (see, e.g., Refs.
[23, 24, 25, 26, 27, 28, 29, 30, 31]).
We find a number of interesting features. The body deviates from geodesic
behavior due to its structure, as expected, but deviations can become more and more
enhanced for special quadrupole configurations. This fact has the consequence that the
evolution may drive the body out of the possibility to be described within the MPD
model, since, at a certain time, the spin length becomes no longer negligible with
respect to the natural length scale associated with the gravitational field. In this case
one must abandon the description of the body in the framework of the MPD model
and use instead the theory of first order gravitational perturbations to take into due
account the backreaction effects on the background metric. In previously examined
solutions [33, 22] concerning bodies endowed with special quadrupolar configurations
we generally found oscillations about the reference geodesic motion, which we chose
to be spatially circular. This fact supported the rough idea that the spin and the
quadrupole of the body reflect themselves into a sort of “uncertainty” of the position
close to the geodesic path. The present analysis confirms but also enlarges this picture.
In fact, in general, when the conditions for the MPD model are still satisfied, the
orbit of the body spirals around the black hole either approaching its outer horizon or
escaping. Finally, we recall that an analytical approach to this problem is also possible.
However, the main formulas obtained in Ref. [22] for the associated perturbative
solution are general enough to simply incorporate the present case, so we refer to it
for such an analysis, which is beyond the aim of this work.
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2. MPD model for quadrupolar bodies
Consider an extended body endowed with structure up to the quadrupole, following
the description due to Dixon. In the quadrupole approximation, Dixon’s equations
are
DPµ
dτ
= − 1
2
Rµναβ U
ν Sαβ − 1
6
Jαβγδ∇µRαβγδ
≡ Fµ(spin) + Fµ(quad) , (2.1)
DSµν
dτ
= 2P [µUν] +
4
3
Jαβγ[µRν]γαβ
≡ Dµν(spin) +Dµν(quad) , (2.2)
where Pµ = muµ (with u · u = −1) is the total 4-momentum of the body with
mass m, Sµν is a (antisymmetric) spin tensor, Jαβγδ is the quadrupole tensor, and
Uµ = dzµ/dτ is the timelike unit tangent vector of the “center of mass line” (with
parametric equations xµ = zµ(τ)) used to make the multipole reduction, parametrized
by the proper time τ .
In order the model to be mathematically self-consistent the following additional
conditions should be imposed [15, 6] (see also Ref. [32] for a comparative discussion
of different choices of supplementary conditions adopted in the literature)
Sµνuν = 0 . (2.3)
Consequently, the spin tensor can be fully represented by a spatial vector (with respect
to u),
S(u)α =
1
2
η(u)αβγS
βγ = [∗(u)S]α , η(u)αβγ = ηµαβγu
µ , (2.4)
where η(u)αβγ is the spatial (with respect to u) unit volume 3-form with ηαβγδ =√−gǫαβγδ the unit volume 4-form and ǫαβγδ (ǫ0123 = 1) the Levi-Civita alternating
symbol. As standard, hereafter we denote the spacetime dual of a tensor (built up
with ηαβγδ) by a
∗, whereas the spatial dual of a spatial tensor with respect to u (built
up with η(u)αβγ) by
∗(u) . It is also useful to introduce the signed magnitude s of the
spin vector
s2 = S(u)βS(u)β =
1
2
SµνS
µν , (2.5)
which is in general not constant along the trajectory of the extended body.
The quadrupole tensor Jαβγδ has the same algebraic symmetries as the Riemann
tensor, i.e.,
Jαβγδ = J [αβ][γδ] = Jγδαβ , J [αβγ]δ = 0 , (2.6)
leading to 20 independent components. However, it has been shown in Ref. [22] that,
since J enters the MPD equations only through certain combinations (contractions),
the number of effective components actually reduces from 20 to 10. Therefore, it is
worth to use directly the following “effective” quadrupole tensor (still denoted by J)
which also shares all the symmetries underlying the MPD equations
Jαβγδ = 4u¯
[α[X(u¯)]STFβ][γ u¯δ] + 2u¯
[α[W (u¯)]STFβ]ση(u¯)
σ
γδ
+ 2u¯[γ[W (u¯)]
STF
δ]ση(u¯)
σαβ , (2.7)
where X(u¯) andW (u¯) are symmetric and trace-free (STF) spatial tensors as measured
by an observer with 4-velocity u¯. When the observer u¯ = u, i.e., when the observer
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is at rest with respect to the body, the spatial tensors X(u¯) and W (u¯) have an
intrinsic meaning, representing the mass quadrupole moment and the flow (or current)
quadrupole moment (see, e.g., Ref. [21]), and reduce to the corresponding Newtonian
quantities in the Newtonian limit. Therefore, we will assume u¯ = u hereafter.
We also recall the standard 1+3 representation of the Riemann tensor in vacuum,
i.e.,
Rαβγδ = − η(u)αβµη(u)γδνE(u)µν + 2u[αH(u)β]ση(u)σγδ
+ 2u[γH(u)δ]ση(u)
σαβ − 4u[αE(u)β][γuδ] , (2.8)
in terms of its electric (E(u)) and magnetic (H(u)) parts defined by
E(u)αβ = Rαµβνu
µuν , H(u)αβ = −[R∗]αµβνuµuν . (2.9)
Finally, when the background spacetime has Killing vectors, there are conserved
quantities along the motion [21]. For example, in the case of stationary axisymmetric
spacetimes with coordinates adapted to the spacetime symmetries, ξ = ∂t is the
timelike Killing vector and η = ∂φ is the azimuthal Killing vector. The corresponding
conserved quantities are the total energy E and the angular momentum J , namely
E = − ξαPα + 1
2
SαβF
(t)
αβ , F
(t)
αβ = ∇βξα = gt[α,β] ,
J = ηαP
α − 1
2
SαβF
(φ)
αβ , F
(φ)
αβ = ∇βηα = gφ[α,β] , (2.10)
where F (t) and F (φ) are the Papapetrou fields associated with the Killing vectors.
3. Dynamics of extended bodies in the equatorial plane of a Kerr
spacetime
The Kerr metric in standard Boyer-Lindquist coordinates is given by
ds2 = −
(
1− 2Mr
Σ
)
dt2 − 4aMr
Σ
sin2 θdtdφ+
Σ
∆
dr2
+Σdθ2 +
(r2 + a2)2 −∆a2 sin2 θ
Σ
sin2 θdφ2 , (3.1)
where ∆ = r2 − 2Mr + a2 and Σ = r2 + a2 cos2 θ; here a and M are the specific
angular momentum and total mass of the spacetime solution. The event horizon and
inner horizon are located at r± =M ±
√
M2 − a2.
Let us introduce the zero angular momentum observer (ZAMO) family of fiducial
observers, with 4-velocity
n = N−1(∂t −Nφ∂φ) , (3.2)
where N = (−gtt)−1/2 and Nφ = gtφ/gφφ are the lapse and shift functions,
respectively. A suitable orthonormal frame adapted to ZAMOs is given by
etˆ = n , erˆ =
1√
grr
∂r , eθˆ =
1√
gθθ
∂θ , eφˆ =
1√
gφφ
∂φ , (3.3)
with dual
ωtˆ = Ndt , ωrˆ =
√
grrdr , ω
θˆ =
√
gθθdθ , ω
φˆ =
√
gφφ(dφ+N
φdt) . (3.4)
The ZAMOs are accelerated with acceleration a(n) = ∇nn and locally non-
rotating, in the sense that their vorticity vector ω(n)α vanishes, but they have a
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nonzero expansion tensor θ(n)αβ ; the latter, in turn, can be completely described by
an expansion vector θφˆ(n)
α = θ(n)αβ eφˆ
β , that is
θ(n) = eφˆ ⊗ θφˆ(n) + θφˆ(n)⊗ eφˆ . (3.5)
The trace of the expansion tensor θ(n)αα turns out to be zero.
The nonzero ZAMO kinematical quantities (i.e., acceleration and expansion) all
belong to the r-θ 2-plane of the tangent space [34, 35, 36, 37], i.e.,
a(n) = a(n)rˆerˆ + a(n)
θˆeθˆ ≡ ∂rˆ(lnN)erˆ + ∂θˆ(lnN)eθˆ ,
θφˆ(n) = θφˆ(n)
rˆerˆ + θφˆ(n)
θˆeθˆ ≡ −
√
gφφ
2N
(∂rˆN
φerˆ + ∂θˆN
φeθˆ) . (3.6)
In the static limit (as it is the case of a Schwarzschild field) Nφ → 0 and the expansion
vector θφˆ(n) identically vanishes.
It is convenient to introduce the Lie relative curvature for orbits on the equatorial
plane [35, 36], which is purely radial with value
k(lie) = −∂rˆ ln√gφφ . (3.7)
Finally, timelike circular geodesics U± have unit tangent vector
U± = γ±[etˆ + ν±eφˆ] , γ± = (1− ν2±)−1/2 , (3.8)
where ν± denote the linear velocities associated with co-rotating (+) and counter-
rotating (−) orbits
ν± =
a2 ∓ 2a√Mr + r2√
∆(a± r
√
r/M )
. (3.9)
In the static case ν± → ±νK , with νK =
√
M/(r − 2M).
The ZAMO kinematical quantities as well as the nonvanishing frame components
of the Riemann tensor are listed in Appendix A.
3.1. Orbit of the extended body
Let the world line of the extended body with unit tangent vector U be confined on
the equatorial plane, i.e.,
U = γ(U, n)[n+ ν(U, n)] , (3.10)
with
ν(U, n) ≡ ν rˆerˆ + νφˆeφˆ = ν(cosαerˆ + sinαeφˆ) , (3.11)
where γ(U, n) = 1/
√
1− ||ν(U, n)||2 ≡ γ is the Lorentz factor and the abbreviated
notation νaˆ ≡ ν(U, n)aˆ has been used. Similarly ν ≡ ||ν(U, n)|| and α are the
magnitude of the spatial velocity ν(U, n) and its polar angle measured clockwise from
the positive φ direction in the r-φ tangent plane respectively, while νˆ ≡ νˆ(U, n) is
the associated unit vector. Note that α = π/2 corresponds to azimuthal motion with
respect to the ZAMOs, while α = 0, π correspond to (outward/inward) radial motion
with respect to the ZAMOs.
A convenient adapted frame to U is given by
E1 ≡ νˆ⊥ = sinαerˆ − cosαeφˆ , E2 = γ[νn+ νˆ] , E3 = −eθˆ . (3.12)
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A similar decomposition holds for the 4-momentum P = mu for equatorial motion,
i.e.,
u = γu[n+ νuνˆu] , γu = (1− ν2u)−1/2 , (3.13)
with
νˆ(u, n) ≡ νˆu = cosαuerˆ + sinαueφˆ . (3.14)
An orthonormal frame adapted to u ≡ e0 is then built with the spatial triad
e1 ≡ νˆ⊥u = sinαuerˆ − cosαueφˆ , e2 = γu[νun+ νˆu] , e3 = −eθˆ . (3.15)
The dual frame of {eα} will be denoted by {ωα}, with ω0 = −u♭, n♭ being the fully
covariant representation of n.
The projection of the spin tensor into the local rest space of u defines the spin
vector S(u) (hereafter simply denoted by S, for short). Therefore, when decomposed
with respect to the frame (3.15) adapted to u, it writes as
S = S1e1 + S
2e2 + S
3e3 . (3.16)
3.2. Setting the body’s spin and quadrupole
In the following we will consider the special case in which the spin vector is aligned
along the spacetime rotation axis, i.e.,
S = se3 . (3.17)
When decomposed with respect to the frame adapted to u, the spin terms defined in
Eqs. (2.1) and (2.2) are thus given by
F(spin) = F
0
(spin)u+ F
1
(spin)e1 + F
2
(spin)e2 , (3.18)
and
D(spin) = −ω0 ∧ E(u)(spin) , (3.19)
with
E(u)(spin) = E(u)(spin)1ω1 + E(u)(spin)2ω2 , (3.20)
respectively. The explicit expressions for the components are listed in Appendix B.
Furthermore, we will assume the quadrupole tensor given by Eq. (2.7) with u¯ = u
having constant frame components with respect to the frame (3.15) adapted to u as the
most natural and simplifying choice. According to the terminology introduced in Ref.
[21], the extended body should be termed in this case as “quasi-rigid.” In order that
the motion be confined on the equatorial plane we must require X(u)13 = X(u)23 = 0
and W (u)11 =W (u)22 =W (u)12 = 0. The quadrupole force and torque with respect
to the frame adapted to u are thus given by
F(quad) = F
0
(quad)u+ F
1
(quad)e1 + F
2
(quad)e2 , (3.21)
and
D(quad) = −ω0 ∧ E(u)(quad) + ∗(u)B(u)(quad) , (3.22)
with
E(u)(quad) = E(u)(quad)1ω1 + E(u)(quad)2ω2 ,
B(u)(quad) = B(u)(quad)3ω3 , (3.23)
so that E(u)(quad) · B(u)(quad) = 0, respectively. The explicit expressions for the
components of the quadrupole force and torque are listed in Appendix B.
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4. Numerical integration of the full set of MPD equations
Under the assumptions discussed in the previous section on the structure of the body
as well as on its motion the whole set of MPD equations (2.1)–(2.3) reduces to
dm
dτ
= F 0(spin) + F
0
(quad) ,
dαu
dτ
= − γ
νu
[ν cos(αu + α)− νu] θφˆ(n)rˆ +
γ
νu
(
sinαua(n)
rˆ + ννu sinαk(lie)
)
− 1
mγuνu
(F 1(spin) + F
1
(quad)) ,
dνu
dτ
= − γ
γ2u
[
cosαua(n)
rˆ + ν sin(αu + α)θφˆ(n)
rˆ
]
+
1
mγ2u
(F 2(spin) + F
2
(quad)) ,
ds
dτ
= B(u)3(quad) , (4.1)
together with the following two compatibility conditions coming from the spin
evolution equations
0 = m(E(u)1(spin) + E(u)1(quad)) + s(F 2(spin) + F 2(quad)) ,
0 = −m(E(u)2(spin) + E(u)2(quad)) + s(F 1(spin) + F 1(quad)) . (4.2)
The evolution equation for the spin invariant implies that the quadrupolar structure
of the body is responsible for the onset of spin angular momentum, if the body is
initially not spinning.
Equations (4.2) give two algebraic relations involving the remaining unknowns ν
and α. After some manipulation we find
tanα =
A+Bγ
C +Dγ
, γ =
k1 +
√
k21 + k2k3
k2
, (4.3)
where
k1 = AB + CD , k2 = 1−B2 −D2 , k3 = 1 +A2 + C2 , (4.4)
and
λA =
(
sF 1(quad) −mE(u)2(quad)
){
[m2 − s2Erˆrˆ + s2γ2u(Erˆrˆ − Eθˆθˆ)] sinαu
−s2Hrˆθˆγ2uνu(1 + sin2 αu)
}
+
(
sF 2(quad) +mE(u)1(quad)
)
[m2 − s2Eθˆθˆ − s2Hrˆθˆνu sinαu]γu cosαu ,
B =
(m2 − s2Erˆrˆ)νu sinαu + s2Hrˆθˆ
m2 − s2Eθˆθˆ − s2Hrˆθˆνu sinαu
,
λC =
(
sF 1(quad) −mE(u)2(quad)
)
cosαu
{
m2 − s2Eθˆθˆ
−s2γ2uνu[(Erˆrˆ + 2Eθˆθˆ)νu +Hrˆθˆ sinαu]
}
−
(
sF 2(quad) +mE(u)1(quad)
)
[m2 − s2Eθˆθˆ − s2Hrˆθˆνu sinαu]γu sinαu ,
D =
m2 + s2(Erˆrˆ + Eθˆθˆ)
m2 − s2Eθˆθˆ − s2Hrˆθˆνu sinαu
νu cosαu ,
λ = γu[m
2 − s2Eθˆθˆ − s2Hrˆθˆνu sinαu]
{
m2 +
1
2
s2Eθˆθˆ(1− 3γ2u)
−s2γ2uνu
[
1
2
νu cos 2αu(2Erˆrˆ + Eθˆθˆ) + 2Hrˆθˆ sinαu
]}
. (4.5)
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Note that the following relations hold
ν sinα =
A
γ
+B , ν cosα =
C
γ
+D , (4.6)
and the first equation of Eqs. (4.1) governing the mass evolution can be written
dm
dτ
= c1A+ c2C + F
0
(quad) , (4.7)
with
c1 = − s2γuνu cosαu[Erˆrˆ + 2Eθˆθˆ +Hrˆθˆνu sinαu] ,
c2 = − s2γu[(Erˆrˆ − Eθˆθˆ)νu sinαu −Hrˆθˆ(1 + ν2u sin2 αu)] , (4.8)
once the dependence on ν and α in the component F 0(spin) has been eliminated. The
rhs of Eq. (4.7) vanishes for vanishing quadrupole (i.e., F a(quad) = 0 = E(u)a(quad), so
that A = 0 = C), yielding the well known constant mass result for a purely spinning
particle.
Finally, in order to perform a numerical integration of Eqs. (4.1) the evolution
equations U = dxα/dτ must be also taken into account, i.e.,
dt
dτ
=
γ
N
,
dr
dτ
=
γν cosα√
grr
,
dφ
dτ
=
γ√
gφφ
(
ν sinα−
√
gφφN
φ
N
)
. (4.9)
As a consistency check, the total energy E and angular momentum J given by
Eq. (2.10), i.e.,
E = Nγu
[
m+ s(νu sinαua(n)
rˆ + θφˆ(n)
rˆ)
]
−NφJ ,
J = γu
√
gφφ
[
mνu sinαu − s(k(lie) + νu sinαuθφˆ(n)rˆ)
]
, (4.10)
remain constant and equal to their initial values. Solving the above relations for γu
and νu sinαu leads to
γu =
(m− sθφˆ(n)rˆ)(E +NφJ)
√
gφφ − sNa(n)rˆJ√
gφφN{m2 + s2[a(n)rˆk(lie) − (θφˆ(n)rˆ)2]}
,
νu sinαu =
sk(lie)
√
gφφ(E +N
φJ) +NJ(m+ sθφˆ(n)
rˆ)
(m− sθφˆ(n)rˆ)(E +NφJ)
√
gφφ − sNa(n)rˆJ , (4.11)
which allow to express in terms of E and J the frame components with respect to
ZAMOs of the generalized 4-momentum P = mu of the particle, as form Eqs. (3.13)
and (3.14). In absence of quadrupole (implying constant mass and spin magnitude)
this is enough to obtain from the radial component an effective potential associated
with radial motion [38, 39, 40] (even if, to be really useful, the latter should refer to
U and not to P ). In the presence of the quadrupole, instead, both m and s in general
vary with r, so that a similar study cannot be performed. Nevertheless, a simple
inspection of the above energy and angular momentum conservation laws allows one
to get some general features of particle’s motion. For simplicity, in the Schwarzschild
case Eqs. (4.10) reduce to
E = mγu
[
N +
s
m
(rνu sinαu)
M
r3
]
, J = mγu
[
rνu sinαu +N
s
m
]
, (4.12)
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so that their (constant) ratio turns out to depend on the signed spin length s/m
instead of m and s separately
J
E
=
rνu sinαu +N
s
m
N + sm (rνu sinαu)
M
r3
. (4.13)
For large value of r we have N → 1 and rνu sinαu ∼ r, whence
J
E
∼ r + s
m
, (4.14)
implying that s/m has to become increasingly negative in this limit. For r approaching
the horizon, instead, N → 0 and
J
E
∼
[
1 +
s
m
M
r3
]−1
, (4.15)
implying that s/m has to be positive, attaining a constant limiting value.
5. Numerical analysis and validity of the MPD model
In this section we discuss the main features of motion of extended bodies endowed
with both spin and quadrupole moment on the equatorial plane of a Kerr spacetime
by numerically integrating the full system of MPD equations for selected values of
the parameters representing the structure of the body. Initial conditions are fixed
so that the orbit is (initially) tangent to a circular geodesic at a given radius. As
a result of the evolution, the motion is in general spiraling either inward or outward
depending on the chosen set of quadrupole values. In order to check the validity of the
assumptions underlying the MPD model, we complement each plot of the orbit with
the corresponding evolution of the length scale associated with the spin, which should
maintain small with respect to the characteristic length of the background. As an
indicator we have fixed a threshold for s/m of some percent of M (typically between
1% and 2%).
We begin by considering the Schwarzschild case. In order to enhance the
contribution due to the quadrupole we set a very small initial value for the spin
magnitude s, whereas the five components of the quadrupole tensor are assumed to
be all nonzero and with the same value. We find that the orbit spirals inward up
to the horizon with s remaining small enough, thus preserving the limit of validity
of the MPD model (see Fig. 1). The same spiraling behavior is exhibited also in
the Kerr case (see Fig. 2), but the spin magnitude increases more rapidly because of
the spin-spin interaction, so that the MPD model becomes no more valid after few
revolutions. Nevertheless, we have continued the orbit (dotted curves) to visualize the
region wherein backreaction effects cannot be neglected.
The spiraling behavior mostly depends on the presence of non-diagonal
quadrupole components. In fact, the same choice of quadrupole parameters as in
Fig. 2, except for non-diagonal components which have been switched to zero, leads
to oscillations about the initial circular geodesic with very small amplitude (see Fig.
3). Reversing the sign of the off-diagonal quadrupole components is responsible for
the occurrence of an outward spiraling behavior as well as subtraction of body’s spin
angular momentum (see Fig. 4). This is even more transparent from Fig. 5, where
the outcome of the evolution results in a change of sign (flip) of the spin of the
body. Such an interesting feature was already discussed in the context of interaction
between gravitational waves and extended bodies with application to the observed
Quadrupolar bodies in a Kerr spacetime 10
(a) (b)
Figure 1. The orbit of the extended body is shown in the Schwarzschild case in
panel (a) for the following choice of parameters and initial conditions: r0/M = 6,
X(u)11 = X(u)12 = X(u)22 = W (u)13 = W (u)23 = 0.01m0M2, and r(0) = r0,
φ(0) = 0, αu(0) = pi/2, νu(0) = νK = 0.5, m(0) = m0, s(0) = 10
−6 (in units
of m0M). Panel (b) shows instead the corresponding behavior of the length
scale associated with the spin, i.e, s/m. The initial value of s has been taken
exaggerately small to enhance the effect of the quadrupole.
phenomenology of glitches in pulsars [41]. Actually, more properly one should refer
to this effect as a “spin-flip-like effect,” because the signed spin magnitude starts
from a given positive value, then continuously decreases to zero, switches its sign and
monotonically increases with negative values, the orientation of the spin vector being
fixed. Spin-flip, instead, usually implies a sudden change of the direction of the spin
vector, its magnitude remaining constant.
The features of inward/outward spiraling of the orbits are in agreement with the
qualitative discussion of the energy and angular momentum conservation laws at the
end of the previous section. For completeness, we also show in Fig. 6 the evolution
of the dynamical mass of the body in the two situations already discussed in Figs.
2 (spiraling in) and 4 (spiraling out). In the latter case the particle’s mass slightly
decreases after each revolution. In fact, for the chosen set of parameters the ratio
m/m0 between the mass m and its initial value m0 passes from 1 to 0.98 in the
considered range of φ. In contrast, if the particle spirals inward as in Fig. 2 the ratio
m/m0 slightly increases during the inspiral, the increase becoming more and more
enhanced as the horizon is approached (it passes from 1 to 1.07 for the chosen set of
parameters).
6. Concluding remarks
It has been recently shown that the motion of an extended body on the equatorial
plane of a stationary axisymmetric spacetime endowed with reflection symmetry can
be described in terms of an effective quadrupole tensor with only 5 nonvanishing
components [22]. This is due to the combined effect of symmetries of the spacetime and
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(a) (b)
Figure 2. The orbit of the extended body is shown in the Kerr case in panel
(a) for the following choice of parameters and initial conditions: a/M = 0.5,
r0/M = 6, X(u)11 = X(u)12 = X(u)22 = W (u)13 = W (u)23 = 0.01m0M2,
and r(0) = r0, φ(0) = 0, αu(0) = pi/2, νu(0) = ν+ ≈ 0.45165, m(0) = m0,
s(0) = 10−6 (in units of m0M). Panel (b) shows instead the corresponding
behavior of the length scale associated with the spin. Solid curves correspond to
the region of validity of the MPD model as s/(mM) . 0.15. Such curves have
been analytically continued (dotted curves) also in a situation in which the MPD
model cannot be applied.
those underlying the MPD model equations. The quadrupole tensor is thus completely
specified by two symmetric and trace-free spatial tensors, namely the mass quadrupole
(electric) and the current quadrupole (magnetic) tensors. Such a problem has been
addressed in the literature in special situations only. For instance, one can either make
certain simplifying assumptions on both the body’s structure and dynamics [42, 43]
or take into account only spin-induced quadrupole effects, i.e., with a quadrupole
tensor proportional to the trace-free part of the square of the spin tensor (see, e.g.,
Refs. [44, 31] and references therein). Therefore, the latter approach concerns only
electric-type quadrupole contributions (and of special kind).
We have studied here the role of all effective components of the quadrupole tensor
of both kinds on the dynamics of quadrupolar bodies in the equatorial plane of a
Kerr spacetime by numerically integrating the full nonlinear set of MPD equations
for different spin and quadrupole structure of the body. A timelike spatially circular
geodesic has been chosen as the reference trajectory, i.e., initial conditions have been
fixed so that the tangent vector to the orbit of the extended body is initially tangent to
the 4-velocity of a circular geodesic. By construction, the fate of the orbit as described
by the MPD model is to remain as close as possible to the reference geodesic, the
deviations being confined to a small region around it. In absence of quadrupole these
deviations are actually pure oscillations with amplitude determined by the magnitude
of the spin vector, which remains constant along the path just as the mass of the
body [45, 46, 47]. A nonzero quadrupole introduces secular effects which enhance
deviations, as a general feature. Furthermore, both the mass and the magnitude of
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(a) (b)
Figure 3. The orbit of the extended body is shown in the Kerr case in panel
(a) for the same choice of parameters and initial conditions as in Fig. 2, except
for the values of the quadrupole tensor components, which are now specified by
X(u)11 = −X(u)22 = 0.01m0M2 (the remaining components being set equal to
zero, i.e., X(u)12 = W (u)13 = W (u)23 = 0). The actual orbit oscillates around
the reference circular geodesic with oscillation amplitude of about 4% of the initial
radius. Panel (b) shows instead the corresponding behavior of the length scale
associated with the spin.
(a) (b)
Figure 4. The orbit of the extended body is shown in the Kerr case in panel
(a) for the same choice of parameters and initial conditions as in Fig. 2, except
for the values of the quadrupole tensor components, which are now specified by
X(u)11 = −X(u)12 = X(u)22 = −W (u)13 = −W (u)23 = 0.01m0M2. Panel (b)
shows instead the corresponding behavior of the length scale associated with the
spin. Reversing the sign of the non-diagonal components of the quadrupole tensor
thus implies that the body spirals outward.
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(a) (b)
Figure 5. The same as in Fig. 4, but for a greater initial value of the signed
spin magnitude s(0) = 0.1. The spin-flip-like effect induced by the non-diagonal
components of the quadrupole tensor is here more evident than above.
Figure 6. The behavior of the particle’s dynamical mass m normalized with its
initial value m0 is shown for the orbits of Figs. 2 (spiraling in) and 4 (spiraling
out). In the former case the radius of the orbit decreases, whereas both spin and
dynamical mass increase (upper curve). In the latter case one has instead just
the opposite (lower curve).
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the spin vector are no longer constant. However, if the quadrupole tensor is represented
by its electric (diagonal) part only, the trajectory oscillates, filling a nearly circular
corona around the geodesic path, similarly to the case of a purely spinning particle
[33, 22]. As a novel result, the numerical analysis of MPD equations performed here
has shown that the non-diagonal (magnetic) components play an important role. In
fact, they are responsible for the occurrence of a spiraling behavior together with a
significant increase of the signed magnitude of the spin vector. Therefore, in general
the limit of validity of the MPD model is reached somewhere during the evolution,
the smallness condition of the spin length with respect to the natural background
length scale being violated. In that case backreaction effects should be taken into
account. Nevertheless, there also exist intermediate situations in which pushing inward
and outward compensate each other (instead of competing) for long times, the spin
magnitude varying slowly. The body is thus allowed to complete many revolutions
around the central object before the MPD regime being lost. As an interesting feature
the spin of the body, which is assumed to be aligned with the spacetime rotation axis,
may change its sign during the evolution, leading to a spin-flip-like effect which can
be eventually observed. This effect recalls the phenomenon of pulsar glitches, i.e., a
sudden increase in the pulsar rotation frequency, often accompanied by an increase
in slow-down rate. Currently, only multiple glitches of the Crab and Vela pulsars
have been observed and studied extensively, even if the physical mechanism triggering
glitches is not well understood yet (see, e.g., Refs. [48, 49, 50] and references therein).
The MPD model for an extended body endowed with multipolar structure can be
used to describe real astrophysical objects like pulsars or neutron stars. However, in
this case the nuclear and hydrodynamical processes occurring in their interior cannot
be neglected and should be taken into due account. This is beyond the scope of the
present work and is left for future investigations.
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Appendix A. ZAMO relevant quantities
We list below the non-vanishing components of the electric and magnetic parts of the
Riemann tensor as well as the relevant kinematical quantities as measured by ZAMOs
evaluated on the equatorial plane.
The radial components of the acceleration and expansion vectors are given by
a(n)rˆ =
M
r2
√
∆
(r2 + a2)2 − 4a2Mr
r3 + a2r + 2a2M
, θφ(n)
rˆ = − aM(3r
2 + a2)
r2(r3 + a2r + 2a2M)
, (A.1)
whereas the Lie relative curvature is
k(lie) = −
(r3 − a2M)√∆
r2(r3 + a2r + 2a2M)
. (A.2)
Finally, the nontrivial components of the electric and magnetic parts of the Riemann
tensor with respect to ZAMOs are given by
Erˆrˆ = − M(2r
4 + 5r2a2 − 2a2Mr + 3a4)
r4(r3 + a2r + 2a2M)
, Eθˆθˆ = −Eφˆφˆ − Erˆrˆ , Eφˆφˆ =
M
r3
,
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Hrˆθˆ = −
3Ma(r2 + a2)
√
∆
r4(r3 + a2r + 2a2M)
. (A.3)
In the limit of vanishing rotation parameter (a → 0), the previous quantities
simplify to
a(n)rˆ =
M
Nr2
, θφ(n)
rˆ = 0 , k(lie) = −
N
r
, Erˆrˆ = −2M
r3
, Hrˆθˆ = 0 , (A.4)
where N =
√
1− 2M/r.
Appendix B. Frame components of both spin and quadrupole terms
We list below the explicit expressions of the components of both spin and quadrupole
terms with respect to the frame adapted to u.
The spin force is given by Eq. (3.18) with
F 1(spin) = sγγu
{
νu cos 2αuErˆrˆ + [ν cos(αu − α) + νu cos2 αu]Eθˆθˆ
+sinαu[1 + ννu cos(αu − α)]Hrˆθˆ
}
,
F 2(spin) = − sγγ2u {νu[sin 2αu − ννu sin(αu + α)]Erˆrˆ
+[ν sin(αu − α) + νu cosαu(sinαu − ννu sinα)]Eθˆθˆ
−[cosαu(1 + ννu cos(αu − α))− 2ννu cosα)]Hrˆθˆ
}
, (B.1)
the remaining component F 0(spin) following from the condition F(spin) · U = 0, i.e.,
γu(1− ννu cos(αu − α))F 0(spin) = F 1(spin)ν sin(αu − α)
+ F 2(spin)γu(−νu + ν cos(αu − α)) . (B.2)
The spin quantity D(spin) is instead given by Eq. (3.19) with
E(u)(spin) = mγ
[
ν sin(αu − α)ω1 + γu(ν cos(αu − α)− νu)ω2
]
. (B.3)
Concerning the quadrupole terms, the force is given by Eq. (3.21) with
F 1(quad) =
1
3
Y1[b1 sin 3αu − (b1 − 2b2) sinαu] + 2
3
Y2(b5 + b4 cos 2αu)
+
2
3
γuY3[b1 cos 3αu − (b1 − b3) cosαu]− 2
3
γuY4b4 sin 2αu
+
2
3
(2b2 − b3)X(u)22 sinαu ,
F 2(quad) =
1
3
γuY1[b1 cos 3αu + (4a2 + b1 + 2b2 − 2b3) cosαu] + 2
3
γuY2(a1 − b4) sin 2αu
− 2
3
γ2uY3[b1 sin 3αu + (2a2 + b1 − b3) sinαu] +
2
3
γ2uY4[b5 + (2a1 − b4) cos 2αu]
− 2
3
γuY5a1 sin 2αu − 8
3
a1W (u)23 cos 2αu +
4
3
a2X(u)12 sinαu
+
2
3
γu[−2a2Y6 + (6a2 + 2b2 − b3)X(u)22] cosαu , (B.4)
with
a1 = (Eθˆθˆ + 2Erˆrˆ)θφˆ(n)
rˆ +Hrˆθˆa(n)
rˆ ,
a2 = (2Eθˆθˆ + Erˆrˆ)a(n)
rˆ −Hrˆθˆθφˆ(n)rˆ ,
b1 = − 2(Eθˆθˆ + 2Erˆrˆ)k(lie) + (2Eθˆθˆ + Erˆrˆ)a(n)rˆ − 4Hrˆθˆθφˆ(n)rˆ +
1
2
∂rˆEθˆθˆ ,
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b2 = − (Eθˆθˆ + 2Erˆrˆ)k(lie) + 2Hrˆθˆθφˆ(n)rˆ −
3
2
∂rˆEθˆθˆ ,
b3 = − 2(Eθˆθˆ + 2Erˆrˆ)k(lie) − 2Hrˆθˆθφˆ(n)rˆ ,
b4 = Hrˆθˆk(lie) − 3Eθˆθˆθφˆ(n)rˆ + ∂rˆHrˆθˆ ,
b5 = Hrˆθˆk(lie) − (Eθˆθˆ + 2Erˆrˆ)θφˆ(n)rˆ − ∂rˆHrˆθˆ , (B.5)
and
Y1 = (4νuW (u)13 + 2X(u)11 +X(u)22)γ
2
u −X(u)11 − 2X(u)22 ,
Y2 = [4W (u)13 + νu(2X(u)11 +X(u)22)]γ
2
u − 2W (u)13 ,
Y3 = X(u)12 + 2νuW (u)23 ,
Y4 = νuX(u)12 + 2W (u)23 ,
Y5 = 2W (u)13 + νu(X(u)11 + 2X(u)22) ,
Y6 = 2νuW (u)13 +X(u)11 + 2X(u)22 . (B.6)
The remaining component F 0(quad) can be obtained from the vanishing of the coordinate
component F(quad) t = 0, which implies
0 = γu(F
0
(quad) + νuF
2
(quad))
+
√
gφφN
φ
N
[
F 1(quad) cosαu − γu sinαu(νuF 0(quad) + F 2(quad))
]
. (B.7)
Finally, the torque term is given by Eqs. (3.22)–(3.23) with components
E(u)(quad)1 =
2
3
(2Erˆrˆ + Eθˆθˆ)[(Y4γ
2
u − 4W (u)23) cos 2αu − Y5γu sin 2αu]
+
4
3
Hrˆθˆ[Y6γu cosαu + (2Y3γ
2
u −X(u)12) sinαu] + 2γ2uEθˆθˆY4 ,
E(u)(quad)2 = −
2
3
(2Erˆrˆ + Eθˆθˆ)[Y2 cos 2αu − Y4γu sin 2αu]
− 4
3
Hrˆθˆ[Y3γu cosαu + (2Y1 + 3X(u)22) sinαu]− 2EθˆθˆY2 ,
B(u)(quad)3 =
2
3
(2Erˆrˆ + Eθˆθˆ)[(Y3γ
2
u +X(u)12) cos 2αu + (Y6 − 3X(u)22)γu sin 2αu]
− 4
3
Hrˆθˆ[(Y5 − 3νuX(u)22)γu cosαu − 2(Y4γ2u −W (u)23) sinαu]
+ 2Eθˆθˆ(Y3γ
2
u −X(u)12) . (B.8)
Appendix B.1. The Schwarzschild limit
We list below the corresponding expressions of both spin and quadrupole terms in the
limit of vanishing spacetime rotation.
The spin force (3.18) becomes
F(spin) =
M
r3
γγus {3γuνu sinαu(ν cosα− νu cosαu)u
+
1
2
[νu(1− 3 cos 2αu) + 2ν cos(αu − α)]e1
−1
2
γu[(2 + ν
2
u)ν sin(αu − α) + 3νu(ννu sin(αu + α)− sin 2αu)]e2
}
, (B.9)
whereas the spin quantity D(spin) is still given by Eq. (3.19) with components (B.3).
Quadrupolar bodies in a Kerr spacetime 17
The quadrupole force (3.21) becomes
F(quad) = F
1
(quad)e1 + F
2
(quad)(−νuu+ e2) , (B.10)
where γu(−νuu+ e2) represents a unitary and spacelike vector orthogonal to n and
F 1(quad) = −
2MN
r4
[(1− 5 sin2 αu)(Y1 sinαu + 2Y3γu cosαu)
+ (Y1 − 3X(u)22) sinαu] ,
F 2(quad) =
MN
r4
γu[5 sin 2αu(Y1 sinαu + 2Y3γu cosαu)
− 2(2Y3γu sinαu − 3X(u)22 cosαu)] , (B.11)
where the lapse function is N =
√
1− 2M/r and the coefficients Ya are still given by
Eq. (B.6). Finally, the torque term is given by Eqs. (3.22)–(3.23) with components
E(u)(quad)1 =
4M
r3
[γu sinαu(Y4γu sinαu + Y5 cosαu) + 2W (u)23 cos 2αu] ,
E(u)(quad)2 = −
4M
r3
sinαu(Y2 sinαu + Y4γu cosαu) ,
B(u)(quad)3 =
4M
r3
{γu sinαu[Y3γu sinαu − (Y6 − 3X(u)22) cosαu]
−X(u)12 cos2 αu} . (B.12)
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